The dynamics of an inviscid and incompressible fluid flow on a Riemannian manifold is governed by the Euler equations. Recently, Tao [35, 36] launched a programme to address the global existence problem for the Euler and Navier Stokes equations based on the concept of universality. In this article we prove that the Euler equations exhibit universality features. More precisely, we show that any non-autonomous flow on a compact manifold can be extended to a smooth solution of the Euler equations on some Riemannian manifold of possibly higher dimension. The solutions we construct are stationary of Beltrami type, so they exist for all time. Using this result, we establish the Turing completeness of the Euler flows, i.e. that there exist solutions that encode a universal Turing machine. The proofs exploit the correspondence between contact topology and hydrodynamics, which allows us to import the flexibility principles from the contact realm, in the form of geometric h-principles for isocontact embeddings.
INTRODUCTION
The dynamics of an inviscid and incompressible fluid flow on a Riemannian manifold (M, g) is described by the Euler equations
where u is the velocity field of the fluid, and p is the pressure function. Here ∇ u is the covariant derivative along u and the differential operators ∇ and div are computed using the Riemannian metric g. The analysis of the evolution u(·, t) of a smooth initial condition u(·, 0) := u 0 (·) is a notoriously difficult problem where even the existence of a global-time solution is a challenging open question (the celebrated blow-up problem for the Euler equations). Recently, Terry Tao launched a programme to address the global existence problem, not only for the Euler equations, but also for their viscid counterpart, i.e. the Navier-Stokes equations, based on the concept of universality [34, 35, 36] . This notion concerns the Euler equations without fixing neither the ambient manifold M nor the metric g, and roughly speaking can be defined as the property that any smooth non-autonomous flow on a manifold N may be "extended" to a solution of the Euler equations for some (M, g), where the dimension of M is usually much bigger than the dimension of N . In [36] , Tao introduced a particular way of extending a smooth (non-autonomous) flow on N to a solution of the Euler equations on a manifold M which is a product M = N × T m endowed with a warped product metric g. In particular, he showed that the set of flows that are extendible in the aforementioned sense is the countable union of nowhere dense sets (in the smooth topology), and that there exists a somewhere dense set of flows that can be extended provided that N is diffeomorphic to the n-torus, n ≥ 2. This interesting result provides further evidence of the universality of the Euler dynamics, but leaves open the problem whether the Euler equations on some high-dimensional Riemannian manifold can encode the behavior of a universal Turing machine [34, 35] . Tao discussed in [33, 37] that the "Turing completeness" of the Euler equations could be used as a route to construct solutions of the Navier-Stokes equations that blow-up in finite time, by creating an initial datum that R.C. is supported by an FPI grant under the Maria de Maeztu-BGSMath excellence programme. R.C. and E.M. are supported by the grant MTM2015-69135-P/FEDER and AGAUR grant 2017SGR932. E.M. is supported by the Catalan Institution for Research and Advanced Studies via an ICREA Academia Prize 2016. D.P.-S. was supported by the grants MTM2016-76702-P (MINECO/FEDER) and Europa Excelencia EUR2019-103821 (MCIU). F.P. is supported by the grant reference number MTM2016-79400-P (MINECO/FEDER). This work was partially supported by the ICMAT-Severo Ochoa grant SEV-2015-0554. is "programmed" to evolve to a rescaled version of itself (as a Von Neumann self-replicating machine).
Our goal in this paper is to address the study of the universality of the Euler equations using stationary solutions, which model fluid flows in equilibrium. While at first glance it seems that the steady Euler flows are too restrictive to encode arbitrarily complicated dynamics, we shall see that the surprising connection between the Euler equations and contact topology, allows us to use the flexibility provided by the existence of h-principles in the contact realm to show that the stationary solutions exhibit universality features, and in particular they are Turing complete.
To this end, we introduce the concept of Eulerisable flow [30] : a volume-preserving (autonomous) vector field u on M is Eulerisable if there exists a Riemannian metric g on M compatible with the volume form, such that u satisfies the stationary Euler equations on (M, g)
When the dimension of M is odd, a particularly relevant class of Eulerisable fields are those which are proportional to their curl through a not necessarily constant factor (a definition of the curl of a vector field in dimension n > 3, which is a nonlinear differential operator which assigns to a vector field another vector field, will be introduced in Section 2). These vector fields are known as Beltrami flows, and in recent years they have found application as powerful tools to analyze different features of fluid flows, including anomalous weak solutions [10] , complicated vortex structures [14, 15] and reconnections in Navier-Stokes [13] . The geometric content of the Beltrami fields was unveiled in [16, 31] , where connections with Reeb fields of a contact structure and with geodesible flows were established. This remarkable connection, which will be exploited in this paper, allows one to bring tools from (high dimensional) contact topology to the analysis of the stationary Euler equations provided that the Riemannian metric is not fixed, which is precisely the context where Tao introduced the notion of universality. To state our main results, we need to provide a geometric definition of extendibility. The following captures the key ingredients of Tao's definition in [36] but it is weaker in the sense that the ambient manifold M does not need to be a product N × T m and the metric is not forced to be a warped product. Definition 1.1. A non-autonomous time-periodic vector field u 0 (·, t) on a compact manifold N is Euler-extendible if there exists an embedding e : N × S 1 → S n for some dimension n > dim N + 1 (that only depends on the dimension of N ), and an Eulerisable flow u on S n , such that e(N × S 1 ) is an invariant submanifold of u and e * u = u 0 (·, θ) + ∂ θ , θ ∈ S 1 . If the non-autonomous field u 0 (·, t) is not time-periodic, we say it is Euler-extendible if there exists a proper embedding e : N × R → R n for some dimension n > dim N + 1 (that only depends on the dimension of N ), and an Eulerisable flow u on R n , such that e(N × R) is an invariant submanifold of u and e * u = u 0 (·, θ) + ∂ θ , θ ∈ R. If any non-autonomous dynamics u 0 (·, t) is Euler-extendible, we say that the Euler flows are universal. Remark 1.2. In the time-periodic case, the choice of the ambient manifold S n , where the Eulerisable flow u is defined, is made for the sake of concreteness, but all the results we state in this paper hold for any other manifold. However, for general non-autonomous dynamics, the ambient space where u is defined does not need to be R n , but must be noncompact (because we need to embed properly N × R).
Roughly speaking, the extendibility of a non-autonomous dynamics implies that, in the appropriate local coordinates, u 0 describes the "horizontal" behavior of the integral curves of the extended vector field u. We want to emphasize that u 0 is not assumed to be volume-preserving, although certainly u will be.
We are now ready to present our first main result, which shows that the Eulerisable flows are flexible enough to encode any non-autonomous dynamics as above. Since these fields are stationary solutions of the Euler equations on some (M, g), they exist for all time.
Theorem 1.3. The Euler flows are universal. Moreover, the dimension of the ambient manifold S n or R n is the smallest odd integer n ∈ {3 dim N + 5, 3 dim N + 6}. In the time-periodic case, the extended field u is a steady Euler flow with a metric g = g 0 + δ P , where g 0 is the canonical metric on S n and δ P is supported in a ball that contains the invariant submanifold e(N × S 1 ). Remark 1.4. The extension of the non-autonomous flow u 0 to an Eulerisable flow on, say, S n is not unique. In fact, we prove that given any embeddingẽ : N × S 1 → S n , there exists a smooth embedding e isotopic toẽ and C 0 -close to it which gives the Euler extension of u 0 introduced in Definition 1.1.
A striking corollary of this result, which illustrates the implications of the universality, is the embeddability of diffeomorphisms. We say that a (orientation-preserving) diffeomorphism φ : N → N is Euler-embeddable if there exists an Eulerisable field u on S n (for some n that only depends on the dimension of N ) with an invariant submanifold exhibiting a cross-section diffeomorphic to N such that the first return map of u at this cross section is conjugate to φ. Corollary 1.5. Let N be a compact manifold and φ an orientation-preserving diffeomorphism on N . Then φ is Euler-embeddable in dimension n, where n is the smallest odd integer n ∈ {3 dim N + 5, 3 dim N + 6}.
Let us mention a few words on the ideas of the proof of Theorem 1.3. The Eulerisable field u that we construct on S n (or R n ) is nonvanishing and of Beltrami type with constant proportionality factor (notice that n is an odd number). Using the correspondence between these fields and contact forms, the universality problem is then tantamount to studying the universality features of highdimensional Reeb flows. A first difficulty is that the Reeb flows are geodesible, so their restriction to any invariant submanifold must be geodesible as well. Introducing the concept of Reeb embedding of a compact manifold into a contact manifold, and using the flexibility (existence of an h-principle) of the isocontact embeddings, we prove that in fact geodesibility is the only obstruction for a vector field to be extendable to a Reeb flow on some contact manifold. A second difficulty is that the field u 0 that we want to extend is not generally geodesible, a problem that we address considering the suspension of the field.
A consequence of our methods of proof, which is of interest in itself, is an almost sharp novel embedding theorem for manifolds endowed with a geodesible flow into a contact manifold, so that the Reeb field of the ambient manifold for some contact form extends the geodesible field on the submanifold; see Theorem 3.12 at the end of Section 3. Moreover, we also obtain a full h-principle for what we call iso-Reeb embeddings (Reeb embeddings with certain fixed data) into overtwisted manifolds (Theorem 5.7) and into general contact manifolds (Theorem 5.9). We believe that these ideas may be useful to attack some purely geometric problems in Contact Topology.
Since Tao introduced the concept of universality to analyze the Turing completeness of the Euler equations [33, 34] , we want to finish this introduction with an application of Theorem 1.3 in this setting. We say that an Eulerisable flow on S n is Turing complete if the halting of any Turing machine with a given input is equivalent to a certain bounded trajectory of the flow entering a certain open set of S n (what is known as the "reachability problem", see Section 4.2 for more details). Our second main result is the following. Theorem 1.6. There exists an Eulerisable flow on S 17 which is Turing complete.
The solution of the Euler equations that encodes a universal Turing machine provided by this theorem is stationary. We do not know if it gives rise to a global-time solution when it is considered as the initial condition for the Navier-Stokes equations on S 17 with the corresponding Riemannian metric.
The paper is organized as follows. In Section 2 we review some classical results on contact geometry and h-principle, Beltrami flows and geodesible fields that will be instrumental in the next sections. In Section 3 we study the extendibility properties of the geodesible fields to Reeb fields for some contact manifold and state several Reeb embedding theorems that will be used in the proof of the theorems above. For the benefit of the reader, the proof of the most technically demanding Reeb embedding theorem, which gives an "almost optimal" dimension for the ambient manifold, is postponed to Section 5. In Section 4 we apply the previous results to the Euler equations to prove Theorems 1.3 and 1.6, and Corollary 1.5. Combining the results in Section 3 with a number of hprinciples for embeddings into contact manifolds [12, 3] , in Section 5 we establish a fairly general h-principle for iso-Reeb embeddings. Finally, in Section 6 we provide some examples and generalizations of the iso-Reeb embedding theorems proved in Section 3, in particular depicting the space of iso-Reeb embeddings. Unless otherwise stated, all the manifolds and submanifolds in this paper are orientable, connected and have no boundary.
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PRELIMINARIES
In this section we review some concepts and results that will be instrumental in the forthcoming sections. In Subsection 2.1, we recall the definition of a contact manifold and state some classical flexibility theorems for isocontact embeddings. The definition of a Beltrami field and its connection with the Reeb flows of a contact form is presented in Subsection 2.2. Finally, in Subsection 2.3 some basic facts about geodesible vector fields are introduced.
2.1. Contact geometry and h-principle for isocontact embeddings. Let M 2m+1 be an odd dimensional manifold equipped with a hyperplane distribution ξ. Assume that there is a 1-form α ∈ Ω 1 (M ) with ker α = ξ and α ∧ (dα) m > 0 everywhere. Then we say that (M 2m+1 , ξ) is a (cooriented) contact manifold.
The 1-form α is called a contact form. Of course, the contact structure ξ does not depend on the choice of the defining 1-form α. It is well known that dα induces a symplectic structure on the hyperplane distribution ξ (of even dimension 2m). The unique Reeb vector field R associated to a given contact form α is defined by the equations
The world of contact geometry exhibits a lot of flexibility which usually enables to use arguments from differential topology to prove geometric properties. The pioneering work of Gromov [21] shows that there exists a parametric h-principle for contact structures on open manifolds. For general manifolds, a parametric and relative h-principle was proved in [3] using overtwisted disks, see also [11] and [6] for previous results.
Grosso modo, the general philosophy of the h-principle leans on the idea of deforming formal solutions into honest solutions of an equation (PDE or, more generally, a partial differential relation). When this is possible, finding a solution is simplified to a homotopic-theoretical problem. A reincarnation of this principle in the contact set-up requires a fine inspection of the notion of formal contact structure. Specifically, the topological information given by the contact distribution consists of the codimension one distribution ξ and the symplectic structure on it induced by dα. In fact, only the conformal class is determined because a rescaling α = f α is a contact form for the same contact structure. This allows one to introduce the concept of a formal contact structure that is defined as a cooriented hyperplane distribution and a conformally symplectic class on it. In the literature this structure has been usually called almost contact structure, however in the last few years the term formal has become standard since it implements the formal condition for the h-principle. We can find a 2-form ω on M such that (ξ, ω| ξ ) is a symplectic vector bundle. So a formal contact structure is described by a codimension one symplectic vector bundle.
The flexibility statements that we need in this paper concern isocontact embeddings. Recall that a map f : (N, ξ N ) → (M, ξ M ) between contact manifolds is called isocontact if f * ξ N = ξ M . In the formal level, a monomorphism F : T N → T M is called isocontact if ξ N = F −1 (ξ M ) and F induces a conformally symplectic map with respect to the conformal symplectic structures CS(ξ N ) and CS(ξ M ). The following h-principle was proved in [12, Section 12.3.1]. We recall that N 0 is called a core of an open manifold N if for an arbitrarily small neighborhood U of N 0 , there is an isotopy which brings U to the whole N . Theorem 2.1. Let (N, ξ N ) and (M, ξ M ) be contact manifolds of dimension 2n + 1 and 2m + 1 respectively. Let f 0 =: (N, ξ N ) → (M, ξ M ) be an embedding such that its differential F 0 := df 0 is homotopic (via monomorphisms F t : T N → T M , with projections onto the base given by f 0 ) to a conformal symplectic monomorphism F 1 . Then
• If N is open and n ≤ m − 1 then there is an isotopy f t : N → M such that the embedding f 1 is isocontact and df 1 is homotopic to F 1 through conformal symplectic monomorphisms. Given a core N 0 of N , f t can be chosen arbitrarily C 0 -close to f 0 near N 0 . • If N is closed and n ≤ m − 2 then the above f t exists. Moreover, one can choose f t to be arbitrarily C 0 -close to f 0 .
In [3] , the authors showed that every formal contact structure is deformable to a genuine contact structure, thus proving the long standing conjecture of the existence of contact structures in every formal contact manifold. Restricting to a particular class of contact structures called overtwisted, a full h-principle was proved, thus implying a result stronger than Theorem 2.1 for isocontact embeddings into overtwisted manifolds. This result, which holds for codimension 0 isocontact embeddings of open manifolds, can be summarized as follows: 
The correspondence between Beltrami fields and Reeb flows.
The stationary Euler equations (1.2) can be written equivalently using differential forms as
where α := ι u g is the metric dual 1-form of u and µ is the Riemannian volume form. The function B is called the Bernoulli function, and is defined as B := p + 1 2 g(u, u). When the dimension of M is odd, i.e. dim M = 2m + 1, one can introduce the concept of vorticity, which is a vector field that plays a fundamental role in fluid mechanics. It is defined as the curl of u, i.e. ω := curl u, where the curl of a vector field in odd dimensions is computed as the only field that satisfies the equation
Notice that when m > 1, the curl is a nonlinear differential operator.
A landmark in the study of the steady Euler flows in odd dimensional manifolds is Arnold's structure theorem [1, 2] , which is based on the following dichotomy: a stationary solution either has a nontrivial first integral (the Bernoulli function) or it is a Beltrami field (both cases are not mutually exclusive). We recall that a Beltrami field u is a vector field that satisfies
for some smooth function f . These fields are stationary solutions of the Euler equations with constant Bernoulli function.
When the function f does not vanish, say f > 0, there is a remarkable correspondence between nonvanishing Beltrami fields and Reeb flows for a certain contact structure suggested by Sullivan and proved by Etnyre and Ghrist in [16] (see also [5] for an extension to Beltrami fields on manifold with cylindrical ends and b-contact structures). This result paves the way to study the stationary Euler equations using contact geometry techniques. The proof presented in [16] is in dimension 3, but it can be readily extended to any higher odd dimension. We include it here for the sake of completeness. Theorem 2.3. Any nonvanishing Beltrami field with positive proportionality factor is a reparametrization of a Reeb flow for some contact form. Conversely, any reparametrization of a Reeb vector field of a contact structure is a nonvanishing Beltrami field for some Riemannian metric.
Proof. Let u be a Beltrami field and α its metric-dual 1-form. As dim M = 2m + 1, the Beltrami equation reads as (dα) m = f ι u µ . Since f > 0 and u does not vanish, it then follows that α satisfies the contact condition
Moreover, ι u (dα) m = 0 so u ∈ ker dα. Accordingly, u is a reparametrization of the Reeb field R, that is R = u g(u,u) . To prove the converse implication, consider a contact form α and its associated Reeb flow R. Let u := R/h where h > 0 is a reparametrization of R, and take an almost-complex structure J on ker α = ξ adapted to dα, i.e. dα(·, J·) is a positive definite quadratic form on ξ. Define the metric
whereh is any positive function. It then follows that ι u g = α. It is clear that the functionh can be chosen so that the Riemannian volume form is µ = hα ∧ (dα) m . Therefore, u is a Beltrami field (with factor f = 1) with respect to the metric g because ι u µ = (dα) m and dι u µ = 0.
Remark 2.4. The (non-unique) Riemannian metric (2.4) is called an adapted metric to the contact form α.
Geodesible vector fields.
We say that a vector field X on a manifold M is geodesible if there exists a Riemannian metric g on M making the orbits geodesics. Gluck proved in [19] (see also [32] ) that the geodesibility condition is equivalent to the existence of a 1-form β such that β(X) > 0 and ι X dβ = 0. If we also assume that the 1-form can be taken so that β(X) = 1, we say that X is of unit length. Unless otherwise stated, all along this paper we shall assume that a geodesible field has unit length. A similar characterization for Eulerisable flows was introduced in [30] .
Another characterization that we shall use later is that X is geodesible of unit length if and only if it preserves a transverse hyperplane distribution. The necessity is immediate from the aforementioned Gluck's theorem. To prove that it is sufficient, let η be the hyperplane distribution and β a defining 1-form such that ker β = η and β(X) > 0. Dividing β by the function β(X) we can safely assume that β(X) = 1. The condition that X preserves ker β is tantamount to saying that
for some function f ∈ C ∞ (M ). Cartan's formula implies that ι X dβ = f β, and contracting with the vector field X we finally conclude that f = 0.
In the next sections we shall usually denote a geodesible field by (N, X) or (N, X, η), where N is the ambient manifold, X is the field and η is the transverse hyperplane distribution preserved by X. In particular we might fix the 1-form β, and hence the hyperplane distribution η = ker β preserved by X.
REEB-EMBEDDABILITY AND GEODESIBLE FIELDS
The goal of this section is to prove the following theorem: Theorem 3.1. Let (N, X) be a compact manifold endowed with a geodesible field X. Then there is a smooth embedding e : N → S n with n = 4 dim N − 1 and a 1-form α defining the standard contact structure ξ std on S n such that e(N ) is an invariant submanifold of the Reeb field R defined by α and e * X = R. Moreover, α is equal to the standard contact form α std in the complement of a ball that contains e(N ).
To prove this result, we first recall (Subsection 3.1) Inaba's characterization of the vector fields on a submanifold of a contact manifold (M, ξ) that can be extended as Reeb flows for some contact form defining the contact structure ξ. In Subsection 3.2 we introduce the concept of Reeb embedding and prove Theorem 3.1 using an h-principle for isocontact embeddings. Finally, in Subsection 3.3 we state a stronger Reeb embedding result (Theorem 3.12) which substantially improves the dimension n in Theorem 3.1 and shows that, roughly speaking, any embedding of high enough codimension can be deformed into a Reeb embedding. The proof of this result is more involved and will be postponed to Section 5.
We shall see in Section 4 how these results can be used, in combination with the correspondence theorem in Subsection 2.2, to prove the universality results stated in Section 1. As an immediate corollary we obtain: Corollary 3.2. Let (N, X) be a compact manifold endowed with a geodesible field X which is not necessarily of unit length. Then there exists an embedding e : N → S n with n = 4 dim N − 1 and a non-vanishing Beltrami field u on S n with constant proportionality factor such that u| e(N ) = X. The Riemannian metric for which u is a Beltrami field is the canonical metric of S n in the complement of a ball containing e(N ).
Proof. Reparametrizing X we obtain another geodesible vector fieldX of unit length. Theorem 3.1 implies that (N,X) admits an embedding into (S n , ξ std ), n = 4 dim N − 1, such that there is a defining contact form α whose Reeb vector field satisfies R| e(N ) =X. Obviously, we can now reparametrize R by a function f such that f R| e(N ) = X and f = 1 in the complement of a ball B that contains e(N ). By Theorem 2.3, the vector field f R, which is no longer Reeb in general, is a Beltrami field with constant proportionality factor for some Riemannian metric on S n that can be taken to be the canonical metric in the complement of B.
Extension of Reeb flows.
We recall a simple characterization due to Inaba [25] of the vector fields on a submanifold of a contact manifold that can be extended to a Reeb vector field. For the sake of completeness, we include a concise proof. Proof. The necessity is trivial because a Reeb vector field preserves the contact distribution. To prove the sufficiency, assume that the vector field X on N preserves the tangent distribution η := T N ∩ ξ. It is useful to denote the embedding of N into M by e : N → M , where with a slight abuse of notation we are identifying N with its embedded image.
Let α 0 be a defining contact form of ξ. Fix the strictly positive smooth function h N on N , given as h N := 1 e * α0(X) . By using partitions of unity, we can find a strictly positive function h : M → R + such that h| N = h N . Define a new 1-form α 1 := hα 0 , still associated to the contact structure ξ, which by construction satisfies the first condition in the defining Reeb equations (2.1)
Since X preserves ker α 1 , it preserves ker e * α 1 . Hence this reads as,
where f is a smooth function. By Cartan formula this implies that ι X e * dα 1 = f e * α 1 . Contracting this equation (in 1-forms) with the vector field X, we immediately obtain that f = 0. Thus, we have ι X de * α 1 = 0.
(3.1)
Now we want to find a new associated contact form multiplying by a strictly positive smooth function λ on M such that the vector field X satisfies the Reeb equations (2.1) when applied to the 1-form α := λα 1 . Taking a function λ such that λ| N = 1, by the uniqueness of the Reeb vector field, this is tantamount to saying that X verfies ι X d(λα 1 ) = 0, since this new contact form still satisfies e * (α)(X) = 1. Thus, we just need to find a function λ such that the 1-form λα 1 satisfies the second Reeb equation in (2.1), i.e. ι X d(λα 1 ) = 0 , on T M | N . Expanding it we obtain
that restricted to N reads as
where we have used that X is tangent to N and λ| N = 1. Accordingly, the condition that λ must satisfy reads as dλ = dα 1 (X) on N (over the whole T M | N ).
Since we proved above that ι X e * dα 1 = 0, and λ| N = 1, the equality of 1-forms (3.2) holds on T N ⊂ T M . For the normal directions, just find a smooth function such that the partial derivatives for any v ∈ T p M with p ∈ N satisfy ∂λ ∂v = dα 1 (X, v). This determines the whole 1-jet of the function λ on N . Again, by a standard argument taking partitions of the unity, implies the existence of a positive smooth function λ on M that extends this given 1-jet. The lemma then follows. Remark 3.4. We remark that the vector field X in Lemma 3.3 is geodesible. Indeed, following the notation of the proof of the lemma, the 1-form β := e * α satisfies that ι X β = 1 and ι X dβ = 0, which implies the geodesibility according to Subsection 2.3. Remark 3.5. It follows from the proof of the lemma, that if α 0 is an associated contact form for ξ, then the 1-form α can be taken to be equal to α 0 in the complement of a neighborhood of N ⊂ M (just take extensions of the functions h and λ in the proof so that h = λ = 1 in the complement of the neighborhood).
Existence of Reeb embeddings.
The characterization of vector fields extendible to Reeb flows presented in the previous subsection suggests the following definition: Definition 3.6. Let (N, X) be a geodesible field on a compact manifold. An embedding e : (N, X) → (M, ξ) of N into a contact manifold M is called a Reeb embedding if there is a contact form α defining ξ such that its Reeb vector field R satisfies R| N = X (with a slight abuse of notation this means that e(N ) is an invariant submanifold of R and e * R = X). If we further assume that the geodesible vector field comes with a fixed preserved distribution ker β = η, then an embedding is called an iso-Reeb embedding if e * ξ = η.
Observe that a Reeb embedding e : (N, X) → (M, ξ) clearly induces an iso-Reeb embedding just by declaring η := e * ξ. As noticed before, any Reeb vector field tangent to a submanifold is geodesible on it. Theorem 3.1 then claims that the converse also holds, i.e. that for any geodesible field (N, X) there exists a Reeb embedding into a high-dimensional sphere endowed with the standard contact structure. The following technical lemma is key to prove the main result of this section. For the proof, we follow [12, Section 16.2.2]. Lemma 3.7. Let (N, X, η) be a geodesible field on a compact manifold N of dimension n 0 , and β a defining 1-form of the hyperplane distribution η. Assume that there exists an embedding e : (N, X, η) → M into a manifold of dimension 2m − 1 endowed with a hyperplane distribution ξ defined on e(N ) such that (1) η = e * ξ.
(2) There is a nondegenerate 2-form ω on ξ| N .
(3) ω| T N = dβ. Then there is a small neighborhood U of e(N ) in M and a contact form α on U such that e * α = β.
Proof. For notational simplicity, we shall identify N with its embedded image e(N ). Consider a small neighborhood U ⊂ M of N , which can be identified with a normal disk bundle π : U → N .
Fix a covering by small open sets
then the hyperplane distribution ξ on N can be split as ξ| N = η ⊕ R m −1 . In terms of this splitting, the assumption ω| T N = dβ implies that the 2-form ω can be written as
Let us introduce coordinates (y 1,j , · · · , y m −1,j ) in the second factor of V j × R m −1 . In these coordinates, we can assume that ω has the form
where β k,j are suitable 1-forms on N . Now we can define on U the 1-form
Notice that e * α j = β and that ker α j | N = ξ. Moreover, since
Choose a partition of the unity χ j subordinated to the open cover V j , and define α = j χ j α j . Expanding this expression we get that:
This concludes the proof.
Proof of Theorem 3.1 : Following the notation introduced in Lemma 3.7, η is the hyperplane distribution on N preserved by X, and β is a defining 1-form. Consider the vector bundle M defined by the dual distribution η * over N , and denote the bundle projection as π : M → N . Observe that dim M = 2n 0 − 1 and that the tangent bundle of M at the zero section (which is the manifold N )
where v k is a section of η and α k is a section of η * . Observe that with this symplectic structure η on N is an isotropic subspace, i.e. denoting by j : η → η ⊕ η * the natural inclusion, we have that j * ω 0 = 0.
Let us now perturb the symplectic structure ω 0 by lifting a 2-form on N to T M | N . For every point p ∈ N we define the 2-form
where A > 0 is a constant large enough so that ω N defined on N is still nondegenerate. It follows from the previous construction that, if e 0 : (N, X, η) → M denotes the natural inclusion then we can apply Lemma 3.7 to conclude that there is a contact form α in a neighborhood U of N in M such that e * 0 α = β. Notice that the contact distribution ξ := ker α coincides with η ⊕ η * on N . Summarizing, we have constructed an open contact manifold U of dimension 2n 0 −1 with a submanifold N endowed with a vector field X that is positively transverse to the contact distribution ξ and preserves T N ∩ ξ = η. The h-principle for isocontact embeddings [12, 21] (see Lemma 3.8 below) implies that U can be isocontact embedded into (S n , ξ std ) for n = 4n 0 − 1. Denoting this embedding by e : U → S n it obviously satisfies e * 0 e * ξ std = η. Identifying N with its embedded image in S n (via the embedding e • e 0 ), we have that the field X preserves T N ∩ ξ std = η, so we can apply Lemma 3.3 to conclude that there is a contact formα whose Reeb field R coincides with X on N , andα = α std in the complement of a neighborhood of N . The theorem then follows. 
Proof. Denote the embedding by f : N 2n0−1 → S 4n0−1 . We need to find a monomorphism F 1 : T N 2n0−1 → f * T N 2n0−1 such that F 1 (ξ) ⊂ ξ std and it is a complex monomorphism. To this end, we start with an arbitrary complex morphism, not necessarily injective, for instance F 1 ≡ 0. Then, by Sard's theorem, any C 0 -perturbation of this morphism becomes a monomorphism. Corollary 3.9. Let X be a nonvanishing vector field on a compact manifold N . Then N embeds into some contact manifold (M, ξ) such that X = R| N for a Reeb vector field R of some contact form if and only if X is geodesible.
Remark 3.10. The isocontact embedding theorem used in the proof of Theorem 3.1 works for any ambient contact manifold of dimension n = 4 dim N − 1 (because it gives an embedding into a Darboux neighborhood of any contact manifold of dimension bigger or equal than 4 dim N − 1). This implies, in particular, that the ambient manifold in Theorem 3.1 can be taken to be (R n , ξ std ). Remark 3.11. When the manifold N is non-compact the following observation allows one to prove a result analogous to Theorem 3.1. Indeed, Lemma 3.3 works if N is a properly embedded submanifold, and the embedding provided by Whitney embedding theorem can be taken proper [27] . Accordingly, Theorem 3.1 provides a Reeb embedding of any pair (N, X) with N non-compact and X geodesible into (R n , ξ std ), n = 4 dim N − 1.
3.
3. An improved Reeb embedding theorem. Theorem 3.1 shows the existence of a Reeb embedding of (N, X) into S n for n = 4 dim N − 1. This suggests two questions:
(1) Can we improve the bound on the dimension n of the target space?
(2) Can an embedding e : (N, X) → (M, ξ) be deformed into a Reeb embedding via an isotopy which is C 0 -close to the identity? Let us finish this section by stating a generalization of Theorem 3.1 which answers these questions. Its proof, which makes use of some non trivial modern h-principle results in contact topology, is technically much more involved than the proof of Theorem 3.1, and will be presented in Section 5 together with a few corollaries that can be useful for other applications in Contact Geometry. This theorem is key for the proofs of Theorems 1.3 and 1.6 stated in the Introduction. • If dim M ≥ 3 dim N + 2, then e is isotopic to a (small) Reeb embeddingẽ, andẽ can be taken C 0 -close to e. • If dim M ≥ 3 dim N and M is overtwisted, then e is isotopic to a Reeb embedding.
The notion of small Reeb embedding in the statement above will be introduced in Section 5. For the proofs of Theorems 1.3 and 1.6 the (weaker) statement that provides a general Reeb embedding is sufficient. Roughly speaking, Theorem 3.12 shows that Reeb embeddings are completely determined by differential topology invariants. This fact can be easily encoded in the h-principle philosophy (see [12, 21] ), details will be provided in Section 5. As a Corollary we obtain the following improved version of Corollary 3.2; the proof is analogous so we omit it. Corollary 3.13. Let (N, X) be a compact manifold endowed with a geodesible field X which is not necessarily of unit length. Then there exists an embedding e : N → S n with n the smallest odd integer n ∈ {3 dim N + 2, 3 dim N + 3}, and a non-vanishing Beltrami field u on S n with constant proportionality factor such that u| e(N ) = X. The Riemannian metric for which u is a Beltrami field is the canonical metric of S n in the complement of a ball containing e(N ).
STEADY EULER FLOWS: PROOF OF THEOREMS 1.3 AND 1.6
Our goal in this section is to apply the results on Reeb embeddings in Section 3 to prove the main theorems stated in the Introduction on the universality of the Euler flows.
Non-autonomous dynamics and universality.
Let u 0 (·, t) be a non-autonomous vector field on a compact manifold N , and assume that it is 2π periodic in t. The suspension of u 0 on the manifold N × S 1 (with S 1 = R/(2πZ)) is another vector field defined as
The vector field X on N × S 1 is geodesible. Indeed, the closed 1-form β := dθ obviously satisfies that β(X) = 1 and ι X dβ = 0, so Gluck's characterization implies that X is geodesible, c.f. Subsection 2.3. Now, applying Theorem 3.12 to the pair (N × S 1 , X), we conclude that there exists a Reeb embedding e : (N × S 1 , X) → (S n , ξ std ) for the smallest odd integer n ∈ {3 dim N + 5, 3 dim N + 6}. This means, c.f. Definition 3.6, that there is a defining 1-form α of ξ std whose Reeb field R satisfies that R| e(N ×S 1 ) = X, and α = α std in the complement of a ball B that contains e(N × S 1 ).
It follows from the Beltrami-Reeb correspondence Theorem 2.3, that R is a Beltrami field (and hence a steady Euler flow) for some metric g on S n . Moreover, since the adapted metric to the standard contact form on the sphere is the round metric g 0 , it turns out that g = g 0 in the complement of B ⊂ S n .
Setting u := R, the previous construction shows that any (time-periodic) non-autonomous dynamics u 0 is Euler-extendible, recall Definition 1.1.
The general case of a non-autonomous flow u 0 (·, t) is analogous. The suspension manifold is N × R and X is defined as above with θ ∈ R. Gluck's theorem also implies that it is geodesible, so proceeding as before we conclude that u 0 is Euler-extendible to R n , for the smallest odd integer n ∈ {3 dim N + 5, 3 dim N + 6}. Note that in this case the adapted metric to the standard contact form on R n is not the Euclidean one. This completes the proof of Theorem 1.3.
Remark 4.1.
When the extended manifold is S n , the steady Euler flow u is equal to the Hopf field in the complement of B (because the Hopf field is the Reeb field associated to the standard contact form). In the case that the extension is in R n , the vector field u is the vertical field ∂ xn in the complement of a neighborhood of the non-compact manifold e(N × R).
Remark 4.2.
When the vector field u 0 is autonomous and geodesible (not necessarily of unit length) we do not need to take the suspension of u 0 . In this case we can directly apply Corollary 3.13 to conclude that (N, u 0 ) can be embedded into S n , where n is the smallest odd integer n ∈ {3 dim N + 2, 3 dim N + 3}, so that e * u 0 extends as a Beltrami field with constant proportionality factor on S n . We conclude this subsection by proving Corollary 1.5. The main idea is again a suspension construction, depicted in Figure 1 . . This vector field immediately pushes down to another field onÑ that we call X. Observe that N is a cross section of X and its (time-one) return map is conjugate to φ. Arguing as before, we show that X is geodesible and can be extended to a steady Euler flow on S n , n ∈ {3 dim N + 5, 3 dim N + 6}, thus showing that φ is Euler-embeddable.
Turing completeness.
We prove now Theorem 1.6, i.e. that there exists a steady Euler flow on S 17 that is Turing complete. To this end, let us first recall that a Turing machine is a 5-tuple (Q, q 0 , F, Σ, δ) where
• Q is a finite non-empty set, the set of "states".
• q 0 ∈ Q is the initial state.
• F ∈ Q is the halting state.
• Σ is the alphabet, a finite set of cardinality at least two.
• δ : (Q\F ) × Σ → Q × Σ × {L, N, R} is a partial function called a transition function. We denote by L the left shift, R is the right shift and N represents a "no shift". We denote by q the current state, and t = (t n ) n∈Z the current tape. For a given Turing machine (Q, q 0 , F, Σ, δ) and an input tape s = (s n ) n∈Z ∈ Σ Z the machine runs applying the following algorithm:
(1) Set the current state q as the initial state and the current tape t as the input tape.
(2) If the current state is F then halt the algorithm and return t as output. Otherwise compute δ(q, t 0 ) = (q , t 0 , ε), with ε ∈ {L, R, N }. (3) Replace q with q and t 0 with t 0 . (4) Replace t by the ε-shifted tape, then return to step (2) . For any input the machine will halt at some point and return an output or run indefinitely. The Turing completeness of a dynamical system can be understood in terms of the concept of a universal Turing machine, which is a machine that can simulate all Turing machines.
Tao showed in [34, Proposition 1.10] the existence of an orientation-preserving diffeomorphism φ of the torus T 4 that encodes a universal Turing machine in the following sense: , and X the vector field on N obtained by pushing down the horizontal vector field ∂ θ on T 4 × [0, 1] (θ ∈ [0, 1]), there exists an embedding e : (N, X) → S 17 and an Eulerisable field u on S 17 of Beltrami type such that u| e(N ) = X. Notice that X is geodesible and e is a Reeb embedding (then by Theorem 3.12, given any embedding of N in S 17 , it can be deformed into e by an isotopy that is C 0 -close to the identity). The diffeomorphism e is explicitly constructible because the applied h-principle is algorithmic; also the vector field u is constructible, because it is the Reeb field of a defining contact form α of ξ std , which is also algorithmic (see the proof of Theorem 3.12).
In view of the previous discussion, let us take a pointỹ s ∈ S 17 as the image of the point y s ×{0} ∈ N under the embedding e, and a neighborhoodŨ t−n,...,tn ⊂ S 17 as a neighborhood in S 17 of the image of the open set U t−n,...,tn × {0} ⊂ N under the embedding e. Then, Theorem 1.6 can be restated in a more precise way as follows:
Theorem (Beltrami fields are Turing complete). There exists a Beltrami field u on S 17 for some Riemannian metric g such that for any Turing machine (Q, q 0 , F, Σ, δ) there is an explicitly constructible open set U t−n,...,tn ⊂ T 4 attached to each finite string t −n , ..., t n ∈ Σ and an explicitly constructible point y s ∈ T 4 attached to each s ∈ Σ Z such that the Turing machine with input tape s halts with output t −n , ..., t n in positions −n, ..., n respectively if and only if the trajectory of u with initial datumỹ s entersŨ t−n,...,tn .
Remark 4.4. The metric g in this theorem is the canonical metric of S 17 in the complement of a neighborhood of e(N ). Observe that in fact we may reduce the dimension of the target sphere by 2 in all the applications of this section by considering a sphere with an overtwisted contact structure. In this case we would obtain a Turing complete Euler flow in S 15 . In that case we cannot longer guarantee that the metric g is the canonical metric in the complement of a neighborhood of e(N ).
4.3.
The existence of a universal solution in R n . Using the ideas developed in this article, we can show that there exists an Eulerisable flow in R n which, in some sense, exhibits all possible lower-dimensional dynamics. To be more precise, let us introduce the following definitions: Definition 4.5. Given two vector fields X 1 and X 2 in N × S 1 , where N is a compact manifold, we say that
Definition 4.6. Fix a positive integer k. A vector field u in R n is N -universal if for any ε and any vector field X on N there is an invariant submanifoldÑ of u diffeomorphic to N × S 1 such that u|Ñ is (ε, k)-conjugate to X + ∂ θ with θ ∈ S 1 . Proof. We first recall that the space X(N ) of smooth vector fields on N is second countable with the Whitney topology [23, Chapter 2.1]. In particular, it is separable and hence there is a countable set of vector fields {X j } j∈Z which is dense in X(N ). For every pair (N, X j ), we can take the suspension of the vector field X j as in Subsection 4.1 to obtain a countable set of pairs (N j , Y j ) where N j is diffeomorphic to N × S 1 and Y j := X j + ∂ θ is a geodesible flow. Now take a countable collection of contact balls (U j , ξ std ) ⊂ R n with pairwise disjoint closures, where n is the smallest odd integer n ∈ {3 dim N + 5, 3 dim N + 6}. By Theorem 3.12 there exists an embedding e j of (N j , Y j ) for each j ∈ Z into (U j , ξ std ) such that there is a defining contact form α j whose Reeb field R j on e j (N j ) restricts to Y j . Observe that we can take α j = α std , the standard contact form, in a neighborhood of the boundary ∂U j . This allows us to define a smooth global contact form α on R n by setting α := α j on each U j and α := α std on R n \ j∈Z U j ; it is obvious that the Reeb field R associated to α satisfies R| ej (Nj ) = Y j for all j.
Fixing an integer k, it follows from the previous construction that for any vector field X ∈ X(N ) and any ε > 0, there exists j 0 ∈ Z so that e j0 (N j0 ) is an invariant submanifold of R, and R| ej 0 (Nj 0 ) = Y j0 . Moreover, the density of the sequence {X j } j∈Z allows us to take j 0 such that X j0 is ε-close (in the Whitney topology) to X; accordingly, Y j0 is (ε, k)-conjugate to X + ∂ θ . Since any Reeb field is an Eulerisable flow of Beltrami type (c.f. Section 2.2), the theorem follows.
The method of proof of Theorem 4.7 allows us to provide a different proof of a theorem of Etnyre and Ghrist in [17] . Specifically, we can show that there exists an Eulerisable flow in R 3 exhibiting periodic integral curves of all possible knot and link types; when the Riemannian metric of R 3 is fixed and analytic, this result was proved in [14] . Proof. The set of all knot and link types of smoothly embedded circles in R 3 is known to be countable. Let us now embed a representative L j of each knot and link type in pairwise disjoint Darboux balls (U j , ξ std ) ⊂ R 3 as in the proof of Theorem 4.7. Then, for all j ∈ Z, there is an isotopy of the link L j , C 0 -close to the identity, which makes it positively transverse to ξ std , see e.g. [18] . For the ease of notation, we still denote the deformed link by L j . Applying Lemma 3.3 to each L j endowed with the vector field X j := ∂ θ , where θ ∈ S 1 parametrizes L j , we conclude that there is a contact form α in R 3 whose Reeb vector field contains periodic orbits of all possible knot and link types. (Note that the condition that X j preserves T L j ∩ ξ std is trivially satisfied in this case.) The statement then follows using the correspondence between Reeb flows and Beltrami fields.
Even dimensional Euler flows.
In all the constructions that we have used to prove Theorems 1.3 and 1.6, the ambient manifold is odd dimensional because we exploit the connection between hydrodynamics and contact geometry. We finish this section with a result that allows us to establish the universality of the Euler flows also for even dimensional ambient manifolds. The main observation, which is the even dimensional analog of Theorem 3.1, is the following proposition: Proposition 4.9. Let N be a compact manifold endowed with a geodesible flow X. Then there exists an embedding e : (N, X) → S n × S 1 with n the smallest odd integer n ∈ {3 dim N + 2, 3 dim N + 3}, and an Eulerisable field u on S n × S 1 such that u| e(N ) = X.
Proof. Applying Theorem 3.12 we obtain an embeddingẽ : (N, X) → (S n , ξ std ) and a defining contact formα whose Reeb vector field R restricts to X onẽ(N ). By the correspondence Theorem 2.3, the field R is a Beltrami field with constant proportionality factor for some Riemannian metricg on S n . Consider now the (n + 1)-manifold S n × S 1 endowed with the Riemannian metric g :=g + dθ 2 , θ ∈ S 1 , and define the trivial extension of the Reeb flow R as the vector field u := (R, 0) on S n × S 1 . The dual 1-form of u using the metric g is
where π is the canonical projection π : S n × S 1 → S n . Accordingly, ι u dα = π * (i R dα) = 0 and u preserves the (Riemannian) volume form µ = µg ∧ dθ. Defining the embedding e : N → S n × S 1 of N as e := i •ẽ, where i is the natural inclusion of S n into S n × S 1 , we conclude that u is a steady Euler flow on S n × S 1 such that u| e(N ) = X.
The proof of Theorems 1.3 and 1.6 for even dimensional ambient manifolds is then the same, mutatis mutandis, as in Subsections 4.1 and 4.2, but invoking Proposition 4.9 instead of Theorem 3.12.
FLEXIBILITY OF REEB EMBEDDINGS
The goal of this section is to prove the Reeb embedding Theorem 3.12 and provide some generalizations that can be useful for further applications in Contact Geometry. The proof of this result follows the usual pattern in the h-principle theory:
(1) We first define a purely topological condition that an embedding needs to satisfy and introduce the concept of formal iso-Reeb embedding (Definition 5.6). (2) As it is customary in the h-principle theory (see e.g. [29, 3, 8] ), we restrict ourselves to a particular subclass of formal iso-Reeb embeddings called small formal iso-Reeb embeddings (Definition 5.8), and prove that any small formal iso-Reeb embedding can be deformed into a genuine (small) iso-Reeb embedding (Theorem 5.9). (3) Finally, we check under which conditions a given embedding can be equipped with a small formal iso-Reeb embedding structure and show that for embeddings of high enough codimension we can always find such a formal structure, see Lemma 5.12. These dimensional restrictions account for the bounds in Theorem 3.12.
These results are presented as follows. In Subsection 5.1 we introduce some basic notions of the h-principle that are used along this section. A technical stability lemma for vector bundles which is instrumental for the next subsections is presented in Subsection 5.2. In Subsection 5.3 we introduce the definitions of formal iso-Reeb embedding and small iso-Reeb embedding, and prove a full h-principle in this context (Theorems 5.7 and 5.9). The key lemma to establish the existence of formal iso-Reeb embeddings of high codimension is presented in Subsection 5.4. Finally, using this machinery we prove Theorem 3.12 in Subsection 5.5.
Basic notions of the h-principle.
Let us introduce some basic notions in the h-principle theory which are key to provide precise statements.
Fix a smooth fibration π : X → V . Denote by π r : J r (X) → V the associated r-jet fibration. There is also a natural projection p r : J r (X) → X. Given a section σ : V → X, denote by j r (σ) : V → J r (X) the canonical r-jet extension. Thus, we have a natural inclusion Sec(V, X) → Sec(V, J r (X)) where Sec(V, X) and Sec(V, J r (X)) are the spaces of sections from V to X and J r (X) respectively.
A subset R ⊂ J r (X) is called a partial differential relation of order r. Define Sec R (V, J r (X)) ⊂ Sec(V, J r (X)) as the space of formal solutions. It is defined as the space of sections satisfying that the image of the section lies in R. Moreover, define the space of solutions, and denote it by Sec R (V, X) ⊂ Sec(V, X), to be the space of sections whose r-jet extension is a formal solution. A solution in Sec R (V, X) is called a holonomic solution.
Definition 5.1. We say that a partial differential relation R obeys the rank k h-principle if the inclusion e : Sec R (V, X) → Sec R (V, J r (X)) of the space of solutions into the space of formal solutions, which induces morphisms π j (e) : π j (Sec R (V, X)) → π j (Sec R (V, J r (X))), satisfies that π j (e) is an isomorphism for j ≤ k. If k = ∞ we say that R satisfies the full h-principle.
The following terminology is standard. We say that R satisfies a:
• parametric h-principle if we can deform formal solutions by holonomic solutions parametrically. • relative parametric h-principle if the following holds: Fix a closed subset C ⊂ K, where K is any compact parameter space. Assume we have a family of formal solutions σ k , k ∈ K such that σ k with k ∈ C is a holonomic solution. Then there exists a parametric family of formal solutionsσ k,t , t ∈ [0, 1] such thatσ k,0 = σ k ,σ k,1 are holonomic solutions and moreover σ k,t = σ k for k ∈ C and all t. • relative to the domain h-principle if the following is satisfied: For any closed subset D ⊂ V , assume we have a formal solution σ that is holonomic in an open neighborhood U of D.
Then there exists a family of formal solutions σ t , t ∈ I such that σ 0 = σ, σ 1 is holonomic and σ t | U = σ| U for all t. • C 0 -dense h-principle if any formal solution s : V → J r (X) can be approximated by a holonomic solution j r (σ) such that p r (s) is C 0 -close toσ. It is known (see for instance [12, Chapter 6] ) that any partial differential relation that satisfies an h-principle: parametric, relative to the parameter, relative to the domain, actually satisfies a full h-principle.
Classical stability lemmas for vector bundles.
The following technical results will be used in the next subsections. Proofs are provided for the sake of completeness though they are well known to experts (see e.g. [24, Corollary 4.6] ). 
(λ 1 , . . . , λ n , p) → (Σ n r=0 λ r σ k,t r (p), p) is an epimorphism of vector bundles. By choosing a metric on each bundle, we find the adjoint map p * k,t : V k,t → C n that is a monomorphism of vector bundles. So we may assume that V k,t ⊂ C n . Now, fix an hermitian metric on C n . Denote by H k,t the orthogonal to V k,t with respect to the fixed metric. Define a map f ε k,t : V k,t → V k,t+ε in the following way. Choose for each p ∈ M and v ∈ V k,t the unique intersection point in C n of the affine subspaces v + H k,t and V k,t+ε and denote it by v ε . We define then the map as f ε
. This defines a time dependent vector field over each fiber {p} × C n . Clearly, its associated flow φ k,s satisfies that φ k,s (V k,0 ) = V k,s by the construction of X k,t and moreover, it is an isomorphism of complex bundles. Proof. Since in this paper we only consider conformal symplectic structures induced on contact distributions that are cooriented, we restrict to this case (the general case can be easily reduced to this one by a finite covering argument). In particular, we may assume that the conformal symplectic structure is induced by a symplectic structure ω k,t . Then, fix compatible complex structures J k,t . This can be done continuously in families since the space of complex structures which are compatible with a fixed symplectic structure is contractible and thus, we can always find global sections: i.e. almost complex structures in the bundle, also in parametric families. This produces an hermitian metric h k,t on V k,t .
Extend h k,t to a global hermitian structureh k,t in C n . We can then mimic the proof of Lemma 5.2 to obtain a family of hermitian preserving isomorphisms, which are in addition conformal symplectomorphisms (and in fact symplectomorphisms for the chosen ω k,t ).
Adapting the proof for the real case, we obtain: Lemma 5.4. Let V k,t be a parametric family of real bundles over a fixed smooth manifold M with parameters given by (k, t) ∈ K × [0, 1]. Then, there exists a family of real isomorphisms φ k,t : V k,0 → V k,t .
5.
3. An h-principle for iso-Reeb embeddings. Following previous notation, let X be a geodesible vector field on N , and denote by β the 1-form such that η = ker β and β(X) = 1. Let (M, ξ) be a contact manifold with defining contact form α, i.e. ker α = ξ. Remark 5.5. As in previous sections we either assume that N is compact or N is properly embedded into M .
With a slight abuse of notation, we will denote α • F 1 for α(F 1 (·)) and dα • F 1 for dα(F 1 (·), F 1 (·)). This is also denoted by F 1 * α and F 1 * dα in similar discussions in [12] . It is clear that any genuine iso-Reeb embedding is a formal iso-Reeb embedding. Indeed, take an iso-Reeb embedding e : (N, X, η) → (M, ξ), so by hypothesis we have e * α = β, which reads as α • de = β. Thus, we also obtain e * dα = dβ that restricted to η can be written as dβ| η = dα • F 1 | η , and it is clear that (e, F t = de) is a formal iso-Reeb embedding.
Both conditions h 1 α•F 1 = β and dβ| η = h 2 dα•F 1 | η are required to fix the definition of formal iso-Reeb embedding. One may be tempted to say that the first condition naturally implies the second one, but this is tantamount to saying that F 1 commutes with the exterior differential. This only holds when F 1 is holonomic, i.e. the pull-back (through the differential of a morphism) commutes with the exterior differential.
The first main result of this subsection is a full h-principle for iso-Reeb embeddings into overtwisted contact manifolds. The general case is more elaborated because it involves the introduction of a particularly appropriate subclass of iso-Reeb embeddings, and will be discussed later.
Theorem 5.7 (h-principle for iso-Reeb embeddings into overtwisted manifolds). Let f : (N, X, η) → (M, ξ) be a formal iso-Reeb embedding with formal differential F t such that dim N < dim M . Furthermore, assume that ξ is an overtwisted contact structure. Then, there exists a homotopy (f s , F s t ) of formal iso-Reeb embeddings such that (f 0 , F 0 t ) = (f, F t ) and such that (f 1 , F 1 t ) = (f 1 , df 1 ) is a genuine iso-Reeb embedding. Moreover, the natural inclusion of the space of iso-Reeb embeddings whose image does not intersect a fixed overtwisted disk ∆ into the space of formal iso-Reeb embeddings whose image does not intersect ∆ on a fixed overtwisted contact manifold is a homotopy equivalence.
Proof. All the bundles in the next paragraph are bundles over N , i.e. T M , T N , ξ, etc. are to be understood as the restriction over N of these bundles, but we shall omit notations like T M | N for the sake of simplicity.
Step 1: Deform ξ to a homotopic formal contact structureξ 1 on N for which F 0 (η) ⊂ξ 1 . It is standard to find a family of isomorphisms G t : T M → T M such that G 0 = id and G t • F 0 = F t . Denoteξ t := G t −1 (ξ), so we haveξ 0 = ξ. Define ω t := dα • G t that equipsξ t with a symplectic vector bundle structure (ξ t , ω t ) such that, for t = 1 we obtain F 0 (η) ⊂ξ 1 . Denote by β a defining 1-form for η. Then
where the last equality comes from the definition of formal iso-Reeb embedding. Up to conformal transformation, we can assume that (ω 1 )| η = h 2 (dα • F 1 ) = dβ. Therefore,ξ 1 is a formal contact structure, homotopic to ξ, such that F 0 (η) ⊂ξ 1 .
Step 2: Extendξ 1 to a contact structure on a neighborhood of N and make the inclusion an iso-Reeb embedding. Extend the family of distributionsξ t that are defined over N to a family of distributionsξ t defined over a neighborhood Op(N ). A possible way to do this is just to extend the isomorphisms G t : T M → T M over N to a new familyG t : T M → T M over Op(N ) that can be used to defineξ t :=G t (ξ 0 ). Then, using Lemma 3.7 where (M, ξ) is the neighborhood Op(N ) and ξ 1 , we obtain a contact structureξ 1 that is defined on Op(N ) ⊃ N inside M and is homotopic toξ 1 . Also, we obtain an iso-Reeb embedding of (N, X, η) with respect to a contact formα 1 defining the contact structureξ 1 .
Step 3: Reduce to formal isocontact embeddings. Summarizing, we have obtained thatξ 0 = ξ and ξ 1 are homotopic as formal contact structures in the neighborhood of N . By Corollary 5.3, we can find a family of bundle isomorphisms φ t :ξ 1 →ξ t that preserves the conformal symplectic structures on a small neighborhood of N . Extend φ t to T M | Op(N ) and define the family (e = id, H t = φ t ) with e = id : Op(N ) → Op(N ). It is a codimension 0 formal isocontact embedding.
Step 4: Conclusion. Applying the h-principle for isocontact embeddings in codimension 0 with overtwisted target, c.f. Theorem 2.2, we obtain the first part of Theorem 5.7. Now observe that the previous arguments work parametrically. Also, it is simple to check that the proof is relative to any closed subdomain of the domain N . It is left to check that it works relative to the parameter, however this is not true in general. It is simple to realize that a sufficient condition to reproduce the proof making it relative to the parameter, see [3] , is restricting to the class of embeddings which do not intersect a fixed overtwisted disk. This is because in the previous construction we naturally obtain genuine iso-Reeb embeddings which do not intersect a fixed overtwisted disk. It is clear that for this subclass the previous three properties, parametric, relative to the domain and relative to the parameter, imply a full h-principle. The theorem then follows.
Let us consider now a specific subclass of iso-Reeb embeddings, what we call small iso-Reeb embedding. While it imposes an extra condition on the iso-Reeb embedding, the advantage is that it will allow us to prove a full h-principle.
Definition 5.8. Assume that there is a decomposition (ξ| N , dα| N ) = (ξ ⊕ V, dα| ξ + dα| V ) as orthogonal conformal symplectic subbundles, and we further assume that V is a proper subbundle 1 of ξ.
An embedding f : (N, X, η) → (M, ξ = ker α) is a small formal iso-Reeb embedding if there exists a homotopy of monomorphisms
such that F t covers f , F 0 = df 0 , F 1 (η) ξ and dβ| η = h 2 dα•F 1 | η , for some strictly positive function h 2 on N .
Likewise we say that f : (N, X, η) → (M, ξ = ker α) is a small iso-Reeb embedding if df (η) = T N ∩ξ and df (η) ξ , where ξ = ξ ⊕ V is an orthogonal conformal symplectic decomposition and V is a non trivial subbundle.
Clearly, any small iso-Reeb embedding is in particular an iso-Reeb embedding. The embedding satisfies that ξ ∩ T N = η, and hence by Lemma 3.3 there is a contact form such that its Reeb vector field satisfies R| N = X. If X is negatively transverse to ξ, one can consider −X instead. Otherwise, the contact form such that a negatively transverse X is Reeb is a negative contact form. Theorem 5.9 (h-principle for small iso-Reeb embeddings). Let f : (N, X, η) → (M, ξ) be a small formal iso-Reeb embedding into a contact manifold with formal derivative F t . Then there is a homotopy (f s , F s t ) such that (f 1 , F 1 t = df 1 ) is a genuine (small) iso-Reeb embedding and one can take f s to be arbitrarily C 0 -close to f .
Moreover the natural inclusion of the space of small iso-Reeb embeddings into the space of small formal iso-Reeb embeddings on a fixed contact manifold is a homotopy equivalence.
Remark 5.10. Observe that an h-principle in general cannot be satisfied: if we take (N, X) with X a Reeb vector field and associated hyperplane distribution a contact structure ξ , then an iso-Reeb embedding is equivalent to an isocontact embedding. It is well known that codimension-2 isocontact embeddings do not satisfy the h-principle. The inclusion of formal isocontact embeddings into genuine isocontact embeddings is not injective [9] .
Proof of Theorem 5.9.
Step 1: Deform the pair ξ ⊂ ξ to a new pair of formal contact structuresξ 1 ⊂ξ 1 such that F 0 (η) ⊂ ξ 1 . We start by fixing the small formal iso-Reeb embedding f .
Define ω t := dα•G t that equipsξ t with a conformal symplectic vector bundle structure (ξ t , ω t ) such that, for t = 1 we obtain F 0 (η) ⊂ξ 1 . Likewise we obtain a conformal symplectic vector subbundle structure ω t = (dα)| ξ • G t . Denote by β the defining 1-form for η, i.e. ker β = η. We have
where the last equality comes from the definition of formal small iso-Reeb embedding. Up to conformal transformation, we may assume that (ω 1 )| η = h 2 (dα • F 1 ) = dβ. We also obtain h 1 (α • F 1 ) = β.
Step 2: Find a positive codimension contact submanifold on a neighborhood of N that contains it. Since, by hypothesis, there is a conformal symplectic orthogonal decomposition (ξ 1 , ω) = (ξ 1 , ω 1 ) ⊕ (ξ 1 ) ⊥ω1 , consider a small neighborhood of the zero section of the bundleξ t → N (that exists because F 0 (η) is included but not equal toξ 1 ), and denote it by E t . Build an embedding of codimension (greater or equal than) 2, E t ⊃ N , by fixing a metric and applying the exponential map. Extending the exponential map to (ξ 1 ) ⊥ω1 , we obtain a local fibration of a neighborhood of N as Op(N ) → E t , with linear conformal symplectic fiber given byξ 1 . Thus, the conclusion is that the neighborhood Op(N ) can be understood as a small tubular neighborhood of the formal contact submanifold E t .
Step 3: Mimic the proof of Theorem 5.7. We apply steps 2 and 3 as in Theorem 5.7 to obtain a contact structureξ 1 in E 1 and by Lemma 3.7 an iso-Reeb embedding of (N, X, η) into (E 1 ,ξ ).
Using that (E 1 ,ξ 1 ) id → (M, ξ) is a positive codimension formal isocontact embedding with open source manifold, we can apply the h-principle Theorem 2.1 to obtain an isocontact embedding, whose restriction to N is C 0 -close to the original embedding. To obtain the C 0 -closeness we use the fact that we are just obtaining C 0 -closeness on a positive codimension core, i.e. N , of the manifold E 1 . All the previous constructions can be done parametrically, relative to the parameter and relative to the domain. Accordingly, we obtain a full C 0 -dense h-principle.
Note that the data of a formal (small) iso-Reeb embedding include the choice of a distribution η invariant under the flow of X. It is important to realize that this choice is not unique. In particular, the space of invariant distributions for a fixed geodesible vector field is a vector space, the transverse ones conforming a cone inside it. Moreover, Theorems 5.7 and 5.9 depend on the invariant distribution chosen, as the following result illustrates. Proposition 5.11. For an isocontact embedding e : (N 2n0+1 , ξ N ) → (M, ξ M ) of codimension 2 (which is clearly an iso-Reeb embedding for any Reeb vector field on N ), there is a Reeb field R and a distribution η invariant under R, which is C 0 -close to ξ N , such that (N, R, η ) does not admit an iso-Reeb embedding into M , if n 0 ≥ 2.
Proof. It is standard that one can take a Reeb field R on N with a standard neighborhood around a periodic orbit of type S 1 × D 2n0 endowed with a contact form α = dθ + r 2 α std , where r is the radial coordinate on D 2n0 and α std is the standard contact form on S 2n0−1 . In particular, the Reeb field has the form ∂ θ in this neighborhood. Now choose function f : [0, 1] → R + satisfying the following conditions:
• f (r) = 0 for r ≤ 1 2 , • f (r) is r 2 for r ∈ [ 3 4 , 1]. The form β := dθ+f (r)α std extends to the whole manifold since it coincides with α on the boundary of the neighborhood. Moreover, it defines a transverse distribution η := ker β that is invariant under the flow of R. Assume that the triple (N, R, η ) admits an iso-Reeb embedding e in (M, ξ).
is clearly a submanifold tangent to ξ M , which leads to a contradiction.
A technical lemma: the j-connectedness of the space of isotropic subbundles inside a symplectic bundle.
The main result of this subsection is Lemma 5.12 below. It is an instrumental lemma that will be our main tool to check that any smooth embedding with high enough codimension is a small formal iso-Reeb embedding. This is the most delicate point of the proof of Theorem 3.12. Throughout this subsection, the dimension of N is denoted by n and the dimension of M is denoted by 2m + 1.
Lemma 5.12. Let (N, X, η) → (M, ξ) be an embedding such that X ξ, and (ξ, ω) is a symplectic hyperplane bundle of real rank 2m. Denote by β a defining 1-form of η in N . If 2m ≥ 3n − 1 then there exists a family (ξ t , ω t ) of symplectic distributions such that (ξ 1 , ω 1 ) = (ξ, ω) and (ξ 0 , ω 0 ) satisfies η = ξ 0 ∩ T N and η is an isotropic subspace of ξ 0 . Furthermore (ξ t , ω t ) coincides with (ξ, ω) away from a neighborhood of N .
Proof. It is clear by assumption that T M | N = X ⊕ ξ. This implies that ξ and T N are transverse subspaces in T M | N and thus we can define a new bundle η 1 := ξ ∩ T N . The linear interpolation between η = η 0 and η 1 , which is well defined since η 0 and η 1 are contained in T N and are transverse to X, provides a homotopy of subbundles between these two subbundles inside T M | N . Denote this homotopy by e t : η t → T M . Fix an auxiliary metric on T M satisfying that ξ is orthogonal to X. Define ξ t = η t ⊕ T N ⊥ , so clearly ξ 1 = ξ. We apply Lemma 5.4 to obtain G t : ξ 1 → ξ 1−t , chosen to satisfy G 0 = id, which is symplectic by taking the symplectic structure ω 1−t = ω • G −1 t . Hence (ξ t , ω t ) is a family of symplectic hyperplane bundles such that η ⊂ ξ 0 . The situation before the first homotopy is pictured in Figure 2 .
Assume that, if 2m ≥ 3n − 1, any subbundle η ⊂ (ξ 0 , ω 0 ) can be homotoped onto an isotropic one, i.e. any rank n − 1 subbundle of a 2m dimensional symplectic bundle, over an n-dimensional manifold, is homotopic to an isotropic subbundle. This statement is the content of Lemma 5.13 below. In other words, we have a family of monomorphisms F t : η → ξ 0 such that η is := F 1 (η) is isotropic. We extend the monomorphisms F t into isomorphisms H t : ξ 0 → ξ 0 satisfying H 0 = id, F t = H t • F 0 . Clearly, the family of symplectic hyperplane bundles (ξ 0 , ω 0 • H t ) composed with the homotopy constructed in the previous paragraph, gives the required homotopy. The situation before this second homotopy is pictured in Figure 3 . Proof. Observe that we need to find a section of a bundle E → N whose fiber is P = Path(Grass(n− 1, R 2m ), Grass is (n − 1, R 2m )), i.e. the space of paths connecting a fixed base point in Grass(n − 1, R 2m ) with end point in the Grassmanian of isotropic subspaces of dimension n − 1 in R 2m . This is a homotopy fibration with fiber homotopic to the space of loops in the Gr := Grass(n − 1, R 2m ) based on the subspace Gr is := Grass is (n − 1, R 2m ).
As explained in [22, Section 4.3, Proposition 4.64] and the subsequent discussion, we have the identification π j (P ) ∼ = π j+1 (Gr, Gr is ). By standard obstruction theory, a sufficient condition for the existence of such a section is to assume that the fiber P is (n − 1)-connected.
Recall that,
, (n − 1) ) .
We have the following commutative diagram, given vertically by the relative exact sequences, and horizontally by quotients.
We made the identifications π j (SO n−1 ×SO 2m−n+1 , SO n−1 ×SO 2m−n+1 ) ∼ = π j (SO 2m−n+2 , U m−n+1 ) ∼ = π j (SO 2m−n+2 , U m−n+1 ), by using in the last isomorphism that we are in the stable range of SO(2m− n + 1).
Denote the gamma spaces SO(2n)/U (n) by Γ n . Observe that SO(2n) is a fibration over Γ n with fiber U (n). It is standard that the relative homotopy groups of a fibration with respect to the fiber are isomorphic to the homotopy groups of the base, see for instance [22, Theorem 4.41 ]. Hence we have the identification π j (SO(2n), U (n)) ∼ = π j (Γ n ). In conclusion, the previous diagram is equivalent to the following one.
We want to prove that π j−1 (P ) is trivial up to j − 1 = n − 1. To this end, let us show that we are in the stable range of Γ m−n+1 up to rank n − 1, and prove that a n is an epimorphism. The stable range of Γ m−n+1 is 2(m − n + 1) − 2, hence imposing that n − 1 is in the stable range we obtain n − 1 ≤ 2(m − n + 1) − 2 which implies 3n − 1 ≤ 2m, our dimensional hypothesis. Hence a j is an isomorphism for j ≤ n − 1 and we deduce π r (P ) = 0 for r ≤ n − 2.
To conclude, observe that π n (Γ m−n+1 ) is in general no longer in the stable range. Let us check that a n is always at least an epimorphism, which will imply that π n−1 (P ) = 0. If 2m ≥ 3n, then we are in the stable range and a n is an isomorphism. If not, then 2m = 3n − 1 and n is odd. But the exact sequence induced by Γ k → Γ k+1 → S 2k , see [20] , at rank n = 2m − 2n + 1 is the following.
Since π 2m−2n+1 (S 2m−2n+2 ) = 0, the first arrow is an epimorphism. This implies that a n is always an epimorphism and the proof is complete.
5.5.
Proof and discussion of Theorem 3.12. We proceed with the proof of Theorem 3.12, and a discussion of the result.
Proof of Theorem 3.12. Let N be a compact manifold endowed with a geodesible field X. Denote by e : (N, X) → (M, ξ) an embedding into a contact manifold (M, ξ). Let us assume that M is overtwisted. Because of the codimension hypothesis, there is an homotopy F t : T N → T M such that F 0 = de, F 1 (X) ξ and ξ is positively transverse, i.e. by genericity it is needed dim(N ) < 2 dim(M ), which is clearly satisfied under our assumption 2 dim(M ) + 1 ≥ 3 dim(N ).
t . It deforms ξ to a formal contact structure ξ 1 satisfying that F 0 (X) ξ 1 . Denote by η = ker β a transverse hyperplane distribution preserved by X. We can now apply Lemma 5.12 to obtain a formal contact structure (ξ,ω) satisfying thatξ ∩ T N = η and η is isotropic. So we have a family (ξ t ,ω t ), t ∈ [0, 1], such that for (ξ 0 ,ω 0 ) = (ξ, dα) and (ξ 1 ,ω 1 ) = (ξ,ω).
In particular η C is a complex subbundle ofξ 1 , and hence η * naturally lies, over N , in the normal bundle of N . The formal contact structure splits asξ 1 = η C ⊕(η C ) ⊥ on a small tubular neighborhood of N , denoted as Op(N ) pr → N . For a real constant A, take the homotopy of symplectic structures
which will be a path of symplectic structures for a big enough A > 0, as being symplectic is an open condition. We defineξ t =ξ 1 for t ∈ [1, 2] . We obtain naturally (ξ t ,ω t ) for t ∈ [0, 2], a family of formal contact structures obtained by concatenating both homotopies. Clearly, we have that
Now, as usual we undo the homotopy of contact structures by deforming the formal embedding.
In order to do it, apply Corollary 5.3 to find a family of isomorphismsG t :
For t = 2, using equation (5.1), we have ω 2 •F 0 = ω 2 • de = dβ and therefore it is a formal iso-Reeb embedding. We conclude applying Theorem 5.7.
Assume now that M is not overtwisted, and hence dim M ≥ 3 dim N + 2. Because of the dimension condition we can find an orthogonal symplectic decomposition ξ| N = ξ ⊕ L, with rank L = 2 and for every p ∈ N we have L p ∩ T N p = {0} p . We can assume this as long as dim M ≥ 2 dim N + 4, which is true for dim N ≥ 2. Hence we can formally make X transversal to ξ , and the proof applies verbatim by projecting η into ξ , which is a symplectic bundle of rank 2 dim M −2 ≥ 3 dim N −1.
Observe that, in fact, in Theorem 3.12 we proved that for high enough codimension, any smooth embedding is isotopic to a (small) iso-Reeb embedding for any geodesible field and any invariant distribution. If we were to prove that our Theorem is sharp, we should find a geodesible field with a fixed invariant distribution on a manifold N that does not admit an iso-Reeb embedding into a carefully fixed contact manifold of dimension 3 dim N − 2 or 3 dim N − 1 (depending on the parity of dim N ).
What we can prove is that there is a manifold of dimension 4k 0 + 1 with a geodesible field and a fixed invariant distribution, and a smooth embedding of such a manifold into S n , where n = 3 dim N − 4, which is not deformable into an iso-Reeb embedding. So we are two dimensions away from the perfect sharpness.
Proposition 5.14.
There is a sequence of triples (N k , X k , η k ) of geodesible vector fields on a k-dimensional compact manifold N k with k = 4k 0 + 1 such that there is no iso-Reeb embedding of (N k , X k , η k ) into (S n , ξ) with n < 3k − 2 and ξ any contact structure.
Proof. Let W be a compact manifold such that dim W = 4k 0 . Assume its Pontryagin classes p j (W ) are all vanishing except the top one p k0 (W ), which is non trivial (such as the manifolds constructed in [26] ). Consider the manifold endowed with a geodesible vector field (N = W × S 1 , ∂ θ ) of dimension k = 4k 0 + 1, with invariant 1-form dθ. The distribution η = ker dθ is given by T W seen as a distribution. If it admits a Reeb embedding into (S n , ξ), we would have that T W is an isotropic subspace of ξ. This follows from the fact that dθ is closed. Indeed, if we have a Reeb embedding e, there is a contact form α such that e * α = dθ, so e * dα = 0 and hence dα| T W = 0.
Therefore, we have the decomposition ξ| N = T W C ⊕ V , where V is the symplectic orthogonal to T W C . Using the Whitney sum formula for the total Chern class, we obtain that 0 = c 2k0 (T W C ) + c 2k0 (V ). Hence V is of rank at least 4k 0 . This implies that n ≥ 8k 0 + 4k 0 + 1 = 3k − 2. For instance, (CP 2 × S 1 , ∂ θ ) does not admit a Reeb embedding into (S 11 , ξ).
FINAL REMARKS
To conclude, let us make a few observations about the results in Section 5 that are of independent interest. In Subsection 6.1 we provide some natural examples of iso-Reeb embeddings that appear in Contact Geometry, and in Subsection 6.2 we analyze the topology of the moduli space of iso-Reeb embeddings, thus illustrating the wide range of iso-Reeb embeddings that our construction yields. 6.1. Examples. In this section we give some additional examples of formal iso-Reeb embeddings:
Formal isotropic η. Let X be a geodesible vector field on N with associated 1-form β, and denote ker β = η. Fix an embedding e : N → (M, ξ). Assume we can formally deform the embedding in such a way that X is transverse to ξ and η is an isotropic subspace. Then perturbing the symplectic form as done in the proof of Theorem 3.12, we prove that it is a small formal iso-Reeb embedding.
Totally isotropic embeddings. Consider an embedding e : N → (M, ξ) that is formal isotropic, we can actually make it isotropic by the h-principle for isotropic/Legendrian immersions [12, Sections 12.4 and 16.1] . So we assume that it is isotropic. Take any geodesible vector field X on N that preserves ker β = η. We have the decomposition T N = X ⊕ η. Then, by the Weinstein neighborhood theorem T M | N = T N C ⊕ V ⊕ R = η C ⊕ X, JX ⊕ V ⊕ R , where V is the symplectic orthogonal to T N C inside ξ. We claim that there is an arbitrarily small C ∞ -perturbation of the isotropic embedding that makes X transverse and η remains isotropic. The way of producing it is to flow the image e(N ) through the flow associated to JX. Do note that α(L JX X) = α([JX, X]) = dα(JX, X) − X(α(JX)) − JX(α(X)) = dα(X, JX) > 0.
This shows that the image of X through the flow becomes transverse to ξ. On the other hand, we obtain for any Y ∈ η that, α(L JX Y ) = 0 and thus η remains tangent to ξ. By perturbing the symplectic structure in η C as in the proof of Theorem 3.12, it is clear that it is a small formal iso-Reeb embedding. Remark 6.1. An alternative explanation of the last example was suggested to us by Emmy Murphy: apply the h-principle for isotropic immersions to make the embedding into an isotropic immersion that, by genericity, is an embedding. Realize that there is a neighborhood of the embedding Op(N ) contactomorphic to a neighborhood of the zero section of the bundle T * N × R × S, where S is a conformal symplectic bundle orthogonal to T * N . The contactomorphism is provided by fixing the standard contact form α std = dt − λ Liou over T * N × R, where t ∈ R and λ Liou is the canonical Liouville form in the cotangent bundle. Fix your geodesible vector field (N, X, η = ker β). There is a canonical embeddingβ : N → S(T * N ) ⊂ T * N × R. By the universal property of the Liouville form, we haveβ * λ Liou = β. This implies, just by definition, thatβ is a iso-Reeb embedding. In other words, if the vector field X is geodesible on N , then it can be understood as the restriction of the geodesic flow on S(T * N ) and the geodesic flow is just the Reeb flow. 6.2. The topology of the space of (small) iso-Reeb embeddings. Finally, in this subsection, we compare the topology of the moduli space of iso-Reeb embeddings with the topology of the moduli space of smooth embeddings. To this end, we introduce some notation. For a compact manifold N endowed with a geodesible field X, and target contact manifold (M, ξ), we denote the space of iso-Reeb embeddings of (N, X, η) into (M, ξ) as Reeb(N, M ) and the space of formal iso-Reeb embeddings as FReeb(N, M ). Similarly we denote the space of small iso-Reeb embeddings as Reeb s (N, M ) and the space of small formal iso-Reeb embeddings as FReeb s (N, M ). In these last spaces we have made the notation minimal, since we should refer to (N, X, η, M, ξ) instead of (N, M ). Finally, denote by S(N, M ) the space of smooth embeddings of N in M . We have the following commutative diagram, where the maps are given by the natural inclusions. Using this notation, Theorem 5.7 implies that if (M, ξ) is overtwisted, and we only consider embeddings that do not intersect a fixed overtwisted disk, then i is a homotopy equivalence. Theorem 5.9 implies that i s is always a homotopy equivalence. In both cases we assume dim N < dim M . A parametric discussion of Theorem 3.12 implies that adding codimension is translated into isomorphisms in higher homotopy groups induced by j and j s . Corollary 6.2. Let N be a compact manifold endowed with a geodesible vector field X, and (M, ξ) a contact manifold.
• If dim M > 3 dim N + 2 + k then j r s : π r (FReeb s (N, M )) → π r (S(N, M ) ) is an isomorphism for r ≤ k.
• If M is overtwisted, dim M > 3 dim N + k and we consider embeddings not intersecting a fixed overtwisted disk, then j r : π r (FReeb(N, M )) → π r (S(N, M ))
is an isomorphism for r ≤ k. Remark 6.3. Observe that for k = 0, we are increasing by 1 the minimum codimension with respect to Theorem 3.12, this is because we are getting more. Theorem 3.12 gives surjectivity of j 0 and here we obtain an isomorphism at the π 0 level.
Proof. Let us discuss the case where M is overtwisted, the other case is analogous. The result follows from the proof of Theorem 3.12, which works parametrically by adding codimension. We want to prove that j induces an isomorphism in homotopy groups up to rank k. To achieve this we only need that in the key step of Theorem 3.12, which is Lemma 5.12, the fiber P = Path(Grass(n − 1, R 2m ), Grass is (n − 1, R 2m )) is n + k connected. Following the notation and computations of Lemma 5.13, we need that the space Γ(m − n + 1) is in the stable range up to rank n + k.
Since the stable range is up to 2(m − n + 1) − 2, we need to impose that n + k ≤ 2(m − n + 1) − 2. This implies that dim M = 2m + 1 > 3 dim N + k.
By combining Corollary 6.2 with Theorem 5.9, we deduce that we can replace FReeb s by Reeb s in Corollary 6.2, i.e. the isomorphisms of homotopy groups are between the spaces of genuine small iso-Reeb embeddings and smooth embeddings.
